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Abstract
Experimental diffusion-weighted MRI measurements of a fiber phantom were com-
pared to signals generated using a Monte-Carlo diffusion simulation. The diffu-
sion simulation was combined with a generally applicable MRI simulation. We
performed simulations for square packed and random packed cylinders that model
the fibers. Good agreement was found between the simulated signal and the mea-
sured signal for a specific random packing type (the relative error was 0.09± 0.06).
Follow-up simulations that use larger system sizes are needed to improve the ac-
curacy. The simulation method presented here can be used to study changes in
microstructural properties and to compare the efficiency of different MRI protocols
in detecting these changes.
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Chapter 1
Introduction
Diffusion-weighted MRI (DW-MRI) is a non-
invasive imaging technique for in-vivo mea-
surements of diffusing water in biological tis-
sue. DW-MRI is used to study white matter mi-
crostructure and the structural connectivity of
the brain. The technique is clinically relevant
in studying changes in white matter microstruc-
ture due to Alzheimer’s disease,59 Parkinson’s
disease,44 brain tumors11 and stroke,58 amongst
others.27 Additionally, the technique is used to
study the development of the brain of healthy
subjects over time in large population studies,
such as the Rotterdam Scan Study.28 In combi-
nation with functional MRI (fMRI), it is used to
learn more about how the brain functions on a
structural level.24,56
The spatial resolution of MRI is currently lim-
ited to approximately 1mm.47 It is therefore not
possible to resolve individual axons, which are
typically 0.5 to 2 µm in diameter.49 Nevertheless,
it has been proposed that microstructural pa-
rameters such as axon bundle orientations, bun-
dle diameters and axon density fractions can
be determined from the signal.2,24,33 A common
method to verify these techniques is to compare
simulation results of modelled microstructures
to experimental data from hardware fiber phan-
toms.8,15,16,51 These phantoms model the axons
and have a known microstructure. They can
serve as a ground truth to compare to simulated
data and verify microstructural parameters that
are inferred from the MRI signal.
Hardware MRI phantoms have already been
studied in some detail.8,15,16,51 They commonly
consist of polyethylene fibers that are pressed
together, resulting in a phantom with constant
fiber density.16 We present a comparison of
experimental data to simulation results, using
a polyethylene fiber phantom that possesses
a wide range of fiber densities and configura-
tions.15,21
Previous simulation studies on diffusion
weighted MRI often assume a model for the
scalar diffusion measures of the spins (e.g. ap-
parent diffusion coefficients).54,62 Alternatively,
they do use simulations to obtain the full diffu-
sion displacement distribution, but do not (fully)
model the MRI signal.16,19,41 This may lead to in-
consistencies when these results are compared
to experimental data.
Our goal is to study the sensitivity of the DW-
MRI signal to changes in microstructure, such as
axon bundle orientations, bundle diameters and
axon density fractions. In this study we focused
on changes due to different density fractions and
bundle diameters. We performed Monte-Carlo
simulations on a substrate that models the fibers
of the hardware phantom. The simulation data is
processed using an MRI simulator that can simu-
late the same protocol that is used for the exper-
imental measurements, allowing for an optimal
comparison of the results.
Themain advantage of the approach used here
is that the resulting diffusion trajectories are mi-
crostructure driven, without the use of an as-
sumed model for the diffusion. The MRI simu-
lator can take into account finite diffusion times
and gradient durations, and models T1, T2 and
T ∗2 relaxation effects. This makes the method
presented here quite general and possibly more
reliable when comparing experimental results
from clinical scanners (where often long gradi-
ent durations are used) to the simulated data.
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Figure 2.1: Experimentally measured self-
diffusion constants of water as a function
of temperature. The diffusion constant is
approximately 2× 10−3mm2 s−1 at 20℃
and 3× 10−3mm2 s−1 at body temperature
(37℃). Measurements taken from various
sources.5,26,45,48,64
In the first part of this chapter, free and hin-
dered diffusion will be discussed. The second
part will connect diffusion to magnetic reso-
nance imaging (MRI).
2.1 Free and hindered diffusion
Diffusion is the motion of particles due to ther-
mal energy. In a system that is in thermal equi-
librium, the particles only self-diffuse and their
movement is purely thermal and random. It is
therefore not caused by concentration gradients
for example. The relation between the diffusion
constant of water and the temperature is shown
in Figure 2.1. Clearly, diffusion strongly depends
on temperature and the diffusion coefficient in-
creases as the temperature increases. The dif-
fusion coefficient is a measure for the speed of
diffusion and can be used to calculate the mean
squared displacement. The mean squared dis-
placement of a particle over time is given by the
Einstein formula2,13
⟨r(t)2⟩ = 2dD0t (2.1)
and the distribution of displacements is theGaus-
sian distribution with zero mean2,13
P (r(t)) = 1
(4piD0t)d/2
e−|r(t)|
2/4D0t, (2.2)
where r is the displacement of a particle, d is the
number of dimensions, t is the observation time
and D0 is the intrinsic, bulk diffusion constant.
Here the particles start at position r = 0 at t = 0.
2.1.1 Hindered diffusion
In an anisotropic medium, there are geometri-
cal restrictions that can lead to hindered parti-
cle movement, resulting in hindered diffusion.
Equation 2.1 is then adapted to
⟨r(t)2⟩ = 2dDapp(t)t, (2.3)
in which the bulk diffusion constant is replaced
by a time-dependent, apparent diffusion coeffi-
cientDapp(t). The apparent diffusion coefficient
(ADC) depends on the nature of the restrictions
and its time dependence is typically non-trivial.
No exact theory exists to predict the apparent dif-
fusion coefficient in the case of restrictions, even
for periodic substrates such as the square packed
parallel cylinders that we use here. Therefore,
3
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simulations of the diffusion trajectories are nec-
essary to correctly predict the diffusion of spins
in the presence of a substrate. For periodic sub-
strates, the diffusion coefficient can be approxi-
mated. However, the diffusion coefficient is only
a scalar measure of diffusion and does not give
the full information about the displacement dis-
tribution of the spins that is needed to accurately
simulate the MRI signal.
Packing fraction
Our system consists of solid cylinders that are
packed at a packing fraction ϕ in a water phase.
The packing fraction ϕ is defined as
ϕ = NcylpiR
2
L2
, (2.4)
where Ncyl is the number of cylinders, R is the
cylinder radius and L is the system size. For
the simulations, this system size is equal to the
size of the simulated voxel. The maximum pack-
ing fraction ϕ depends on how the cylinders are
packed. It is pi/2√3 ≈ 0.9069 for a hexagonal
packing and pi/4 ≈ 0.7854 for a square packing.
For random packings of parallel cylinders
(random packings of circles in the plane), the
maximum packing fraction is not known exactly.
Random sequential addition (RSA) of circles to a
plane has been studied using simulations: the av-
erage maximum packing fraction was found to
be 0.547± 0.002.9,14,25 Higher packing fractions
are of course possible, but for higher packings
the configuration will more closely resemble an
ordered packing.
2.1.2 Approximating the diffusion coeffi-
cient
In the case of an anisotropic medium that has
a porous structure, the apparent diffusion coef-
ficient is a measure for the restricting geome-
try.10,37,46 The time dependent behavior for short,
intermediate and long diffusion times is shown
in Figure 2.2.
For short observation times, in which the
mean diffusion length ld =
√
2dD0t is much
smaller than the pore size, only a thin molecu-
lar layer of thickness ld at the pore surface is re-
stricted by the presence of boundaries. In that
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Figure 2.2: Time-dependent behavior ofDapp for
the three regimes. For the short time regime, an
approximation that takes into account the sur-
face to volume ratio of the restrictions is used.46
In the intermediate time range, a two-point Padé
approximation is shown.16 In the long time limit,
the apparent diffusion coefficient approaches a
constant value,37 that is approximated here us-
ing the Maxwell-Garnett equation truncated at
the fourth order.54
case, the apparent diffusion coefficient can be ap-
proximated by a term that scales linearly with
the surface to volume ratio and the mean diffu-
sion length.46
The time range between short and long diffu-
sion times can be approximated by the two-point
Padé approximation. It gives a good approxima-
tion for the intermediate timescales using a sec-
ond order rational function to approximate the
diffusion behavior.16
For longer observation times, the apparent dif-
fusion coefficient becomes constant.37 The value
of this constant can be approximated by the
Maxwell-Garnett theory.43,54
Maxwell-Garnett theory
In the long time limit, the diffusion coefficient
approaches a constant known as the tortuosity
α. This constant can be modelled using an ef-
fective medium theory known as the Maxwell-
Garnett theory.43 Initially derived for calculat-
ing the electrical conductivity and dielectric con-
stants of composite media, it can analogously be
used to model an inhomogeneous material con-
sisting of two phases with distinct diffusion co-
4 CHAPTER 2. THEORY
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Figure 2.3: The Maxwell-Garnett equation for
square packed cylinders truncated at the fourth
order.54 Dapp decreases monotonically as ϕ in-
creases for low ϕ, and there is a sharp decrease
in Dapp for high ϕ.
efficients.54
A plot of the fourth-order Maxwell-Garnett
equation for square packed cylinders for 0 <
ϕ < 0.785 is shown in Figure 2.3. It can be
seen that the apparent diffusion coefficient de-
creases monotonically as the packing fraction in-
creases for low packing fractions, and that there
is a sharp decrease in the apparent diffusion co-
efficient for higher packing fractions.
The Maxwell-Garnett theory gives an approx-
imation of the tortuosity α based on the packing
fraction ϕ. However, for real systems, the pack-
ing fraction is not the only factor that affects
the tortuosity. It was shown18 that for Monte-
Carlo simulations of 1× 105 spins in the extra-
cellular space of 200 randomly packed cylinders
with gamma-distributed radii, the spread in tor-
tuosity for a single packing fraction was large,
varying from approximately 5 % at ϕ = 0.6 to
40 % spread at ϕ = 0.8. This means that for
higher packing fractions, the Maxwell-Garnett
approximation does not give reliable estimations
of the tortuosity.
2.1.3 Diffusion measures
The scalar diffusion coefficient is often expanded
to form a diffusion tensor2 D(r) that character-
izes the diffusion coefficient in six directions:
D(r) =
Dxx(r) Dxy(r) Dxz(r)Dxy(r) Dyy(r) Dyz(r)
Dxz(r) Dyz(r) Dzz(r)
 . (2.5)
The diffusion tensor is used as a measure for
diffusion anisotropy and in tractography, where
the principal eigenvector is used as the orienta-
tion of a fiber bundle.6,41
The eigenvalues λ1, λ2, λ3 of the diffusion
tensor can be used to define the fractional
anisotropy (FA),2,57
FA = 32
√
(λ1 − λˆ)2 + (λ2 − λˆ)2 + (λ3 − λˆ)2√
λ21 + λ22 + λ23
,
(2.6)
where λˆ = (λ1+λ2+λ3)/3. The FA is a scalar value
between zero and one that characterizes the de-
gree of anisotropy of a diffusion process. Zero
indicates fully isotropic diffusion and one indi-
cates diffusion that is fully restricted in all but
one direction.
The FA is often used in clinical applications as
a measure of white matter integrity,57 although
special care needs to be taken in interpreting the
FA.34 A decrease in FA is often considered as a
sign of white matter deterioration, because it de-
creases in the case of demyelination of the ax-
ons.57 However, the FA can also decrease as a
result of crossing fibers, a larger axon diameter,
a lower packing density or an increased mem-
brane permeability.63
2.2 Diffusion weighted MRI
Diffusion-weighted MRI (DW-MRI) is a non-
invasive technique for in-vivo imaging of diffus-
ingwater in biological tissue. It is useful in deter-
mining various diffusion measures, such as the
apparent diffusion coefficient (ADC), fractional
anisotropy (FA) and excess kurtosis, amongst
others.2,15,32,57 In order to understand how the
DW-MRI signal is formed, it is instructive to
know something about the microstructure of the
brain.
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Figure 2.4: A: A schematic view of a myelinated axon is shown in yellow. Adapted from Jarosz.29 B:
Electron micrograph of cross-section of human callosal tissue. Myelin sheets are visible as thick, dark
grey rings. Axons are typically 0.5 µm in diameter and are rarely larger than 2 µm in callosal tissue.
Taken from Phillips et al.49
A B C
Figure 2.5: Schematic view of three different dif-
fusion tensors (green ellipsoid). A: Free diffusion.
The diffusion tensor is isotropic, FA = 0. B:
Diffusion between bundles of cylinders. Diffu-
sion parallel to the cylinders is unhindered while
diffusion perpendicular to the cylinder axis is
restricted. This leads to an anisotropic, cigar
shaped diffusion tensor, with an FA that is close
to one. C: Intermediate case: the diffusion is hin-
dered by the presence of restrictions, but the dif-
fusion tensor has a lower degree of anisotropy
compared to case B and therefore the FA is lower.
Image adapted from Hayes et al.24
2.2.1 Diffusion in the brain
The human brain has a rich microstructure,
which can be roughly divided into white and
grey matter. Grey matter contains the cell bod-
ies, dendrites and axon terminals of neurons.
White matter is made up of axons that connect
the different parts of grey matter (see Figure 2.4).
DW-MRI focuses on white matter mostly, which
consists for a large part of axons with a thick,
insulating sheet of myelin around them, as is
shown in Figure 2.4.49 Axons without a sheet of
myelin also exists in the brain. All axons have
an axonal membrane that separates the intracel-
lular space from the rest of the brain.3
Both the many lipid bilayers of myelin and the
lipid bilayer of the axonal membrane have lim-
ited permeability to water and hinder diffusion
across the fibers.4 This leads to hindered diffu-
sion in the direction perpendicular to the axon
bundle direction, while water can freely move
along the direction of the axon bundle, as is de-
picted in Figure 2.5. In that case, the diffusion
tensor becomes anisotropic and the FA increases.
This anisotropy can be used to determine the
orientation of these axon tracts using tractogra-
phy,67 and can also be used to learn more about
the microstructure of the tracts, such as their de-
gree of myelination57 or their packing fraction.69
In the brain, axon diameters vary and their pack-
ing is unordered,49 as can be seen in Figure 2.4.
Axons conduct electrical pulses away from
the neurons nuclei, transmitting information to
other nuclei in the brain. The structure and con-
nectivity of the axons is therefore of paramount
importance in our understanding of how the
brain functions.24,49 Diffusion-weighted MRI is a
valuable tool that allows us to image the struc-
ture of the axon bundles and is used in combi-
nation with fMRI to investigate how the brain
functions on a structural level.24,56
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2.2.2 Principles of diffusion-weighted MRI
Magnetic resonance imaging (MRI) is a medi-
cal imaging technique that uses strong magnetic
fields, radio waves and field gradients to image
the inside of the body in a non-invasive man-
ner.17 The measured signal in MRI is the nu-
clear magnetization (usually of hydrogen atoms),
which in the presence of spin-lattice relaxation
(T1 relaxation) and spin-spin relaxation (T2 re-
laxation) can be described by the Bloch equa-
tions:
dM(t)
dt
=
Free precession︷ ︸︸ ︷
γ (M(t)×B(t))
−
Spin-spin relaxation︷ ︸︸ ︷
Mx(t)xˆ+My(t)yˆ
T2
− Mz(t)−M0
T1
zˆ︸ ︷︷ ︸
Spin-lattice relaxation
. (2.7)
The spins precess around the direction of the
main magnetic field (here in the z-direction) at
the Larmor frequency ω = −γ|B|.39 Spin-spin
relaxation (T2 relaxation) leads to signal broad-
ening and spin-lattice relaxation (T1 relaxation)
leads to signal loss (decrease in magnetization).
In the case of diffusing spins, the Bloch equa-
tion can be modified to obtain the the Bloch-
Torrey equation:66
∂
∂t
M(r, t) =− iγf(t)(g · r)M(r, t)
+∇ · (D(r)∇M(r, t)), (2.8)
where M(t) = (Mx(t),My(t),Mz(t)) is the
nuclear magnetization, M0 the steady state nu-
clear magnetization (in the z direction), γ the gy-
romagnetic ratio, B(t) = (Bx(t), By(t), Bz(t))
the magnetic field,D(r) the diffusion tensor as
given by Equation 2.5, f(t) the time profile of
the diffusion-encoding magnetic field gradient,
g the gradient vector and r the spin position.
Different relaxation processes in MRI lead to
signal loss (e.g. T1 relaxation) and signal broad-
ening (e.g. T2 relaxation). Using special MRI
pulse sequences, diffusive motion of spins can
also lead to signal loss, which provides an indi-
rect measure of the diffusion of the spins.
Diffusion weighted MRI
To measure the diffusion properties from the
spin magnetization, Stejskal and Tanner60,61 de-
veloped an MRI pulse sequence that is the basis
for all diffusion-weighing MRI pulse sequences.
It is generally known as a pulsed gradient spin
echo sequence (PGSE).The pulse sequence starts
with a 90° RF pulse which rotates the magnetiza-
tions of an ensemble of diffusing spins from the
z-axis to the xy-plane. A diffusion-sentizising
block gradient of duration δ and magnitude G
is applied at time t1. This leads to a phase shift
ϕi (TE/2) for each spin.50 This first phase shift for
the i-th spin is given by
ϕi (TE/2) =
Static field︷ ︸︸ ︷
γB0TE/2+
Block gradient︷ ︸︸ ︷
γG
∫ t1+δ
t1
zi(t)dt,
(2.9)
where γ is the gyromagnetic ratio and B0 the
static field strength. This gradient is followed by
a 180° RF pulse which flips the spins in the xy-
plane. After a time ∆ from the start of the first
block gradient, a second block gradient of equal
magnitude and duration is applied. This again
leads to a phase shift for each spin, but of op-
posite sign, because the spins are flipped in the
xy-plane by the 180° RF pulse.
In general, the two gradient pulses will cancel,
the spins will refocus and produce a perfect echo.
However, for spins that have diffused during this
time, the amount of dephasing due to the applied
gradients scales with the displacement in the di-
rection of the gradient during the diffusion time
∆. Therefore, at the end of the sequence, the to-
tal phase shift is given by
ϕi (TE/2) = γG
(∫ t1+δ
t1
zi(t)dt
−
∫ t1+∆+δ
t1+∆
zi(t′)dt′
)
. (2.10)
Note that the terms for the static field γB0TE/2
from Equation 2.9 cancel each other for the two
gradient blocks. The pulse sequence is depicted
schematically in Figure 2.6. For spins that dif-
fuse during the diffusion time ∆, the two gradi-
ent terms will not cancel and the phase shift will
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not be zero. This means that part of the signal is
attenuated and it is a way tomeasure the amount
of diffusion from the MRI signal. The measured
signal depends on the full displacement distri-
bution of the spins. However, in special cases,
it can be approximated by the narrow pulse ap-
proximation.
Narrow pulse approximation
For a PGSE sequence where the duration δ of the
block gradients is much smaller than their sepa-
ration (the diffusion time ∆), the signal can be
approximated by the narrow pulse approxima-
tion:20
S ≈ 1
V
∫
Ω
dr
∫
Ω
dr′G∆(r, r′)eiγδg·(r−r
′),
(2.11)
with V the volume of the domain Ω, r the spin
position at the start of the first gradient block, r′
the spin position at the start of the second gra-
dient block (at time t = ∆) and G∆(r, r′) the
Green’s function of the diffusion equation (prob-
ability density to diffuse from r to r′). The com-
bination δg is kept constant as δ → 0, so that
g →∞.
In experiments, the maximum gradient
strength and slew rate of the MRI scanner limit
the range of δ and G that can be used. There-
fore, especially on clinical MRI scanners, the
narrow pulse approximation does not hold.12
In this approximation, the spins are considered
immobile during the time δ, which will only be
valid when δ is much smaller than the diffusion
time ∆.
Diffusion weighted measurements
Using a sequence similar to the PGSE sequence
described here, quantitative information about
the movement of the spins during the diffusion
time∆ can be obtained. The diffusion time is of-
ten combined with the other two important pa-
rameters, the gradient strength G and the pulse
duration δ, into a single b-factor
b = γ2
∫ TE
0
F (t)TF (t)dt
b = γ2G2δ2 (∆− δ/3) , (2.12)
which is derived from the Bloch-Torrey equation
given in Equation 2.8. F (t) is a vector of the in-
tegral of the gradient amplitudes in the x, y, z
directions.33 The b-value is a measure for how
strong diffusion effects are attenuating the sig-
nal: higher b-values lead in general to more at-
tenuation for the same diffusion properties. In
order to sense slow moving water molecules
(e.g. D ≈ 0.2× 10−3mm2 s−1) and smaller dif-
fusion distances, a higher b-value (e.g. b ≈
5000 smm−2) should be used when compared to
normally diffusingwater (D ≈ 2× 10−3mm2 s−1,
b ≈ 2000 smm−2).
When a sequence of b-values is measured, the
attenuation is instrumental in determining the
apparent diffusion coefficient. An example mea-
surement of a series of b-values can be seen in
Figure 2.7. For free water, the signal is expected
to show single exponential decay:
S(b) = S0e−bDapp . (2.13)
However, for restricted diffusion, this simple
relation is known not to hold, as can also be seen
in Figure 2.7. For these cases, the signal does
not behave like a mono-exponential decay, and
more elaborate models based on the excess kur-
tosis are proposed to fit the data:15,32
S(b) = S0 exp
(
−bDapp + 1/6(bDapp)2Kapp
)
,
(2.14)
with Kapp the excess diffusion kurtosis. The ex-
cess diffusion kurtosis provides a measure for
how strongly the displacement distribution devi-
ates from a Gaussian distribution and is defined
as15
Kapp =
⟨r4⟩
⟨r2⟩2 − 3, (2.15)
where ⟨r4⟩ is the fourth moment of the displace-
ment distribution. In the case of a Gaussian
displacement distribution the excess diffusion
kurtosis is zero. Negative values indicate that
the displacement distribution is more sharply
peaked than the Gaussian distribution and pos-
itive values indicate that the displacement distri-
bution is broader than the Gaussian distribution.
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Figure 2.6: A Stejskal-Tanner pulsed gradient spin echo (PGSE) pulse sequence. A 90° RF pulse rotates
the spins from the z-axis to the xy-plane. This is followed by a diffusion-sentizising block gradient of
duration δ. A 180° RF pulse flips the direction of the spins in the xy-plane. A second block gradient
is applied after a time ∆ after the first block gradient. Spins that have not moved during this time
produce a perfect echo, but for spins that have diffused during this time, a portion of the signal is
attenuated.
Figure 2.7: Example of a diffusion-weighted mea-
surement of a hardware phantom. For free water
(bulk), the signal shows single exponential de-
cay. Measuring in the direction perpendicular
to the fibers, diffusion is hindered and the signal
no longer decays as a single exponential. Higher
fiber densities lead to more hindering, resulting
in a slower attenuation of the signal. Taken from
Grinberg et al.21
Periodic substrates
For periodic packings of fibers, the MRI signal is
known to be modulated by diffraction-like min-
ima.65 For spins diffusing between two parallel
planes a distance Ld apart, the locations of the
0 1000 2000 3000 4000 5000 6000 7000
b (smm−2)
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Figure 2.8: Spins diffusing between two paral-
lel planes show diffraction-like minima in the
MRI signal. Although in this approximation, the
plane distance Ld is the factor of interest, we re-
port the packing fraction ϕ here for easier com-
parison to our simulation results. Four different
plane separations are plotted. Dashed lines are
the expected locations of the first minimum. It
can be seen that the minimum shifts to higher
b-values as the plane separation increases.
minima can be modelled using
S(q) = (sincpiLdq)2 (2.16)
and are shown in Figure 2.8 for different packing
fractions ϕ of a square cylinder packing. This
equation is derived for the long time limit us-
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ing the narrow pulse approximation (see Equa-
tion 2.11). Here ϕ is modelled by the distance
between the parallel planes
Ld =
(√
pi
4ϕtarget
− 1
)
R, (2.17)
where R is the cylinder radius. The q-factor is
given by
q = γGδ2pi . (2.18)
It can be seen that for higher packing frac-
tions, the minimum shifts to larger b-values as
is expected, because Ld decreases as ϕ increases.
Note that b and q are related according to
b = 4pi2q2 (∆− δ/3) . (2.19)
Precision estimation: Cramér-Rao lower bound
The Cramér-Rao lower bound (CRLB) gives a
lower bound on the variance of estimators of a
deterministic parameter. It is used in this study
to determine the precision with which we can es-
timate a given parameter using the simulations
compared to experiments. The Fischer informa-
tion matrix is
I(θ|q) = 1
σ2
(
∂Sq(θ)
∂θ
)T (∂Sq(θ)
∂θ
)
, (2.20)
where σ is the estimated measurement noise,
Sq(θ) is the simulated signal intensity at the
measurement points and θ is a vector contain-
ing all estimators. The CRLB is defined as
Var(θ) ≥ (I(θ|q))−1. (2.21)
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Figure 3.1: T2 weighted image of the resolution
target phantom, with the fiber direction and the
direction of decreasing bundle width indicated.
3.1 Phantom
The diffusion MRI phantom used here was made
by Farrher et al.15 and consists of three separate
phantoms mounted in a perspex cylindrical con-
tainer filledwithwater (with added sodium azide
for preservation). The container fits inside a stan-
dard MRI head-coil. The phantoms were con-
structed from fibers wound around perspex sup-
ports. The fibers are hydrophobic polyethylene
(Dyneema DTX70) fibers with a radius of 8 µm.
The fibers are impenetrable to water and serve
as a model for the extracellular diffusion around
axons in the brain. Note that the radius of the
fibers (8 µm) is much larger than the typical ra-
dius of an axon (0.25 to 1 µm).49
3.1.1 Phantom 1: resolution target
The resolution target phantom consists of par-
allel fibers at constant packing fractions, with
different bundle widths, as show in Figure 3.1.
The physical dimensions of the phantom are
roughly equal to Phantom 2: approximately
100mm× 100mm× 50mm.
3.1.2 Phantom 2: perpendicular crossing
The perpendicular crossing phantom consists of
three different regions (see Figure 3.2): a region
with parallel fibers at a constant fiber packing
fraction ϕ, a region with parallel fibers that di-
verge (creating a density gradient) and a region
with perpendicularly crossing fibers. See Fig-
ure 3.2 for an overview of what the phantom
looks like. In this study, we focused on the com-
pressed and on the diverging region and did not
use the crossing region in our analysis. The di-
verging region makes the phantom particularly
attractive, because it offers a wide, continuous
range of fiber packing fractions.
3.1.3 Phantom 3: multiple crossings
The third phantom consists of multiple crossings
at different angles. For this work, we focus on
parallel areas, and therefore we excluded this
phantom from all analyses.
3.2 Diffusion simulations
The diffusion simulation used in this project is
a Monte-Carlo simulation that generates three-
dimensional diffusion profiles of a number of
spins in the extracellular space. Axons/fibers
are modelled by infinitely long solid cylinders of
a given diameter, position and orientation in a
unit cell. The algorithm for one timestep is as
follows:
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Figure 3.2: A: Photograph of the phantom with
the perpendicular crossing. B: Schematic side-
view depicting the three regions and their di-
mensions: the area with perpendicular crossings
(dots and stripes), the compressed area with a
constant fiber packing fraction (Side 1), and the
area with diverging fibers that create a density
gradient (Side 2). C: FA color-coded fiber track-
ing of the phantom (left: Side 1, right: Side 2).
Image taken from Farrher et al.15
1. Update the position of each spin by adding a
vectorwith a randomorientation but a fixed
length.
2. Check if this has led to spins that have
moved from the extracellular space into the
intracellular space.
3. For these spins, calculate the new position
by reflecting the spins elastically from the
cylinder boundary they have crossed, pre-
venting them from entering the intracellu-
lar space.
4. Repeat steps 2 and 3 until all spins are in the
extracellular space.
In step 1, the step lengths are not drawn from a
Gaussian distribution, but are instead fixed step
lengths. This is a numerical optimization, which
is justified by the Central Limit theorem:52 the
values obtained via repeated summation of ran-
dom variables drawn from any distribution will
converge on a Gaussian distribution. Therefore
the diffusion process is correctly modeled, even
though a fixed step length is used.23
The simulation was implemented in C++, us-
ing parallel processing to speed up the computa-
tion. Unit tests were written using Google Test53
to ensure correct behavior: for each change
to the program’s code, all individual functions
were tested for correct output. The output was
checked using test parameters for which the ex-
pected output was calculated by hand. Unit test-
ing was only performed for deterministic func-
tions that involved no randomness.
We used three different cylinder packings for
all simulations: cylinders organized on a square
lattice, cylinders with randomly distributed po-
sitions and cylinders with randomly distributed
positions kept a minimum distance 2(R + Lp)
apart (as given in Equation 3.1).
3.2.1 Square packing
For the square packing, a single cylinder in a
square unit cell was used, with a separation dis-
tance Lp around it as given by
Lp =
(√
pi
4ϕtarget
− 1
)
R, (3.1)
where R is the cylinder radius and ϕtarget is the
target packing fraction (see Figure 3.3). This re-
sults in a separation between the cylinder cen-
ters of 2(R+ Lp).
The step length was always set to a value
smaller than the space around the cylinders Lp,
to correctly model the packing fraction that is ex-
amined. For the results presented here, the step
length s was set to Lp/5 (so a tenth of the mini-
mum space between the cylinders).
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Lp
Figure 3.3: Schematic representation of the
square packing. Multiple unit cells are shown,
with one unit cell highlighted by dots.
Figure 3.4: Schematic representation of an ex-
ample unit cell for the random packing. High-
lighted in yellow are three examples of clusters
of cylinders that form pore-like structures be-
tween them (explained in more detail in subsec-
tion 5.3.3).
3.2.2 Random packing
For the random packing, we used a square unit
cell of a constant size and varied the packing
fraction ϕ by varying the number of cylinders
Ncyl. Random sequential addition (RSA)9,14,25
was used to generate the cylinder positions. The
cylinders were added at random positions, un-
2Lp
Figure 3.5: Schematic representation of an exam-
ple unit cell for the random packing with a min-
imum separation of 2Lp.
til no more non-overlapping cylinders could be
added to the unit cell (after 1× 105Ncyl unsuc-
cessful tries). The cylinders were allowed to be
touching, as can be seen in Figure 3.4. This typ-
ically leads to a final packing fraction of around
0.547± 0.002.9,14,25 The number of cylinders per
unit cell Ncyl varied between 38 for ϕ = 0.3 to
73 for ϕ = 0.573.
The step lengthwas set to Lp/5, as in the square
packing simulations. Although the distance be-
tween cylinders can be smaller than Lp/5 for a
random packing, this is a tradeoff between com-
putational speed and accuracy. Because possible
multiple reflections are taken into account, no
spins can cross to the intracellular space, even
when the step length is larger than the space be-
tween cylinders.
3.2.3 Random packing, minimum separation
The cylinder positions were generated in the
sameway as for the general random packing, but
the cylinders were forced to be a minimum dis-
tance of 2(R+Lp) apart in the xy-plane, as can
be seen in Figure 3.5.
In the fully random packing, groups of cylin-
ders can form an enclosed space in the xy-plane,
from which a spin can’t escape, as highlighted
in yellow in Figure 3.4. To study what the ef-
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fect of these traps is on the signal, we generated
packings for which these structures do not oc-
cur, by enforcing a minimum distance between
the cylinders in the xy-plane.
3.2.4 Common parameters for all packing
types
In order to obtain statistically valid results, a
minimum number of 1× 105 spins was simu-
lated. The number of timesteps Nt depends on
the packing fraction (because the step length de-
pends on the packing fraction) and the diffusion
constant, according to
Nt =
6DT
(Lp/5)2
, (3.2)
where D is the diffusion constant, which set to
2.2× 10−3mm2 s−1 for all simulations, which is
the measured value at 23℃.26,64 T is the simula-
tion duration (set to 1 s for all simulations).
Typically, the number of timesteps was on the
order of 1× 105 to 1× 106. The number of saved
timesteps for the MRI simulation was fixed at
1× 104. These numbers were determined in a
thorough analysis on parameter convergence for
Monte-Carlo simulations of diffusion MRI.23
For all simulations, the radius was set to the
radius of the fibers in the hardware phantoms
(8 µm), unless explicitly stated.
3.3 MRI simulations
The MRI simulations were performed in MAT-
LAB using a script originally written by Dirk
Poot. The simulation is sped up using C++ code
exposed via a MEX file for the computationally
intensive parts.
The MRI simulations use a standard pulsed-
gradient spin-echo (PGSE) sequence. The diffu-
sion profiles generated in the diffusion simula-
tions are used for the positions of the spins. The
positions of the spins are taken into account at a
number of discrete timepoints: during the appli-
cation of a gradient for correctly modelling the
diffusion weighing and at the echo time for read-
out. The Bloch equations given in Equation 2.7
are used to calculate the magnetization at each
sampling point, taking into account T1, T2 and
T ∗2 effects. Diffusion sentizising block gradients
are modelled using a sequence of delta pulses.
The delta pulses are equally distributed in time
over the gradient duration δ, as indicated in Fig-
ure 3.6. This allows us to examine the influence
of gradient duration δ with respect to the diffu-
sion time ∆ and the echo time TE, which is not
possible to do analytically.
The imaging parameters varied according to
the experimental protocol that was used, but
these parameters were kept constant: T1 =
780ms,40 T2 = 300ms, number of delta pulses to
approximate block gradient: 16 (see Figure 3.6).
Two gradient directions were used for the simu-
lations: the direction along the cylinders and a
direction perpendicular to the cylinder axis. The
same diffusion trajectories were used for both
gradient directions, but different sets of diffusion
trajectories were used for calculating the aver-
ages. The gradient strength G was calculated
from δ, ∆ and the b-value using Equation 2.12.
The parameters that were varied are: the echo
time (TE), the relaxation time (TR), the b-values,
the gradient duration δ, the diffusion time∆ and
the number of averages.
3.3.1 Comparison with narrow pulse ap-
proximation
MRI simulation results were compared with the
narrow pulse approximation (see Equation 2.11).
This was done by running the MRI simulations
on the same diffusion profile twice: for the nar-
row pulse approximation, the number of sam-
pling points during the block gradients was set
to 1, for the MRI simulation it was set to 16 (see
Figure 3.6).
3.4 Phantom MRI measurements
We used two different MRI scanners for the
phantom measurements. The first scanner is a
Philips 3 T MRI scanner at the Amsterdam Med-
ical Center (AMC). The second scanner is a GE
Medical Systems 1.5 T MRI scanner at Erasmus
Medical Center (location Ommoord) that is used
for the Rotterdam Scan Study.28 In both cases,
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Figure 3.6: Same figure as Figure 2.6, but the timepoints at which the particle displacements are taken
into account are labeled with a black upwards arrow at the RF pulses, gradient blocks and echo time.
Note that the gradient block is approximated by sampling the displacements at 16 evenly distributed
time points during the period δ.
we used the standard head coil provided by
the manufacturers. To minimize vibrations and
movement, the phantomwas secured in place us-
ing special cushions that do not lead to distur-
bances in the signal.
In order to avoid background gradients due to
susceptibility differences between the fibers and
the water,40 we positioned the phantom so that
the fibers in the parallel areas were aligned with
the main magnetic field direction.15
3.4.1 Proton density measurement
To determine the proton density (and therefore
the fiber density of the phantom), we used a spin-
echo, multi-contrast sequence with 5 contrasts
with an inter-echo time spacing (∆TE) of 40ms
and a voxel size of 2mm× 2.2mm× 2mm (on
the Amsterdam scanner). For the calculation of
the fiber density, all images were corrected for
the bias field using N4ITK, a variant of the non-
parametric nonuniform intensity normalization
(N3) algorithm.68 Then, T2 and S0 were fitted for
a region of interest (ROI) in the bulk and for the
phantom regions. We assumed the signal to at-
tenuate as follows:
S(∆TE) = S0e−∆TE/T2 . (3.3)
The relative proton density ρr was then calcu-
lated for each voxel in the phantom according to
ρr = S0,phantom/S0,bulk. This quantity is directly
related to the fiber density ϕ = 1− ρr .
For the ROI in the bulk, 7.2× 104 voxels were
used. For the other ROIs the number of used
voxels was 1.9× 103 for phantom 1, 2.6× 103 for
the crossing area of phantom 2, 1.7× 103 for the
compressed area of phantom 2 and 3.0× 103 for
the diverging area of phantom 2.
3.4.2 Diffusion-weighted protocols
For the diffusion-weighted measurements, we
measured using a spin-echo echo-planar imag-
ing (EPI) protocol with a range of different b-
values, echo times, gradient pulse durations and
diffusion times, as listed in Table 3.1.
3.4.3 Rotterdam data
Allmeasurements thatwere performed using the
Rotterdam scanner are listed in Table 3.1. The
protocol R02 is the same protocol that is used for
the Rotterdam Scan Study.28 It uses an EPI proto-
col with 25 gradient directions chosen to best fit
the optimized protocol by D. Jones et al.33 whilst
remaining within the time limits and maximum
number of slices permitted by the scanner.33,35
The angle between nearest gradient vectors is
39.6°. 64 frequency encoding points were used,
with an imaging matrix of 64× 96 and a voxel
size of 3.3mm× 2.2mm× 3.5mm. This same
protocol was used for R01 and R03, but with dif-
ferent b-values and timings, as listed in Table 3.1.
The b = 0 images were registered to the fiber
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Table 3.1: Overview of all diffusion-weighted measurements. An ID prefix ’A’ indicates data was
scanned in Amsterdam with two gradient directions, ’R’ indicates Rotterdam with 25 gradient direc-
tions. For all scans, b = 0 images where acquired (three for each Rotterdam measurement, two for
each Amsterdam measurement). The root mean squared displacement (RMSD) is given as an indica-
tion of the typical diffusion length.
ID TE TR δ ∆ RMSD b
(ms) (ms) (ms) (ms) (µm) (smm−2)
A01 150.0 8567 14.0 118.5 37.7 10, 400, 700, 1200, and 2000
A02 120.0 7067 14.0 88.5 32.6 10, 400, 700, 1200, and 2000
A03 130.4 8410 20.0 92.9 33.3 10, 400, 700, 1200, 2000, 3500, and 5000
A04 120.0 9017 22.0 80.5 31.1 10, 400, 700, 1200, 2000, 3500, and 5000
A05 120.0 7754 30.0 72.5 29.5 10, 400, 700, 1200, 2000, 3500, and 5000
A06 95.8 12 681 30.4 47.9 24.0 10, 400, 700, 1200, 2000, 3500, and 5000
A07 120.0 7363 40.0 62.5 27.4 10, 400, 700, 1200, 2000, 3500, and 5000
A08 150.0 8567 40.0 92.5 33.3 10, 400, 700, 1200, 2000, 3500, and 5000
A09 150.0 8567 50.0 82.5 31.5 10, 400, 700, 1200, 2000, 3500, and 5000
A10 150.0 8567 50.0 82.5 31.5 10, 400, 700, 1200, and 2000
A11 150.0 8567 57.5 75.0 30.0 10, 400, 700, 1200, 2000, 3500, and 5000
R01 71.6 8575 18 36 20.8 500
R02 82.5 8575 21 42 22.4 1000
R03 96.4 10 130 25 49 24.2 2000
density map using FLIRT, a fully automated ro-
bust and accurate tool for linear (affine) image
registration from FSL.30,31 Linear interpolation
was used to convert the voxels to the voxel size
of the proton density map. The resulting trans-
formation was used to register the images with
higher b-values to the proton density map.
For registration to the proton density map and
further processing of the results, we did not use
all measured 25 gradient directions. For a mask
of 1.8× 103 voxels in phantom 1, the diffusion
constant was fitted to the experimental data us-
ing Equation 2.13 for all 25 directions for the
three measured b-values. The average appar-
ent diffusion coefficent was then determined for
each direction. The direction with the largest fit-
ted diffusion constant (and the largest signal at-
tenuation) was then used as the parallel direc-
tion, and the direction with the smallest fitted
diffusion constant was used as the perpendicular
direction. This procedure ensured the best possi-
ble alignment of gradient directions to the fiber
direction.
We determined the deviation from the ac-
tual parallel and perpendicular directions by fit-
ting a diffusion tensor to each voxel in a mask
of 1.8× 103 voxels in phantom 1 using DTIFIT
from FSL.6,7 We calculated the angle between the
principal eigenvector and the parallel/perpendic-
ular directions we fitted.
3.4.4 Amsterdam data
Specific parameters per measurement can be
seen in Table 3.1. We used an EPI pro-
tocol with 2 gradient directions: one direc-
tion was chosen parallel to the fibers in the
phantom, the other perpendicular to the fibers
(alignment was done by eye). The voxel size
was 2mm× 2.2mm× 2mm, we used 94 fre-
quency encoding points and an imaging matrix
of 94× 96. Data was collected with reversed
phase-encode blips, resulting in pairs of images
with distortions going in opposite directions.
From these pairs the susceptibility-induced off-
resonance field was estimated using a method
similar to that described in Andersson et al.1 as
implemented in FSL.55 This estimated field was
used to correct all diffusion-weighted images.
The b = 0 images were then registered to the
fiber density map using FLIRT.30,31 The resulting
transformation was used to register the images
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with higher b-values to the proton density map.
3.5 Comparison between simulated
and experimental data
A dataset was constructed from the diffusion-
weighted images that were registered onto the
fiber density map. For all combinations of fiber
density ϕ, echo time TE, b-value, gradient du-
ration δ and diffusion time ∆, diffusion MRI
simulations were performed as described in sec-
tions 3.2 and 3.3.
Experimental noise σ in MRI is nearly Gaus-
sian distributed for high SNR, but for low signal
intensities (SNR < 2), it is known to be Rician
distributed with a non-zero expectation value.22
The noise for low SNR was estimated by fitting
the following Rician PDF,
f(x|ν, σ) = x
σ2
e
−(x2+ν2)/2σ2I0(xν/σ2), (3.4)
to the measured signals for the largest b-value
(2000 smm−2 for Rotterdam data, 5000 smm−2
for Amsterdam data). I0(xν/σ2) is the modified
Bessel function of the first kind with order zero,
ν ≥ 0 the noncentrality parameter, σ > 0 the
scale parameter and x > 0 the measured noise
values. This was done for a ROI in the bulk of
2.3× 105 voxels. The bias introduced by the Ri-
cian distribution was then modelled for the sim-
ulated signal using
S =
√
S2simulated + σ2. (3.5)
The experimental measurements were per-
formed after the simulations and therefore the
diffusion constant that was used for the simula-
tions might not match the diffusion constant in
the experiments, as this is highly temperature
dependent (see Figure 2.1).26,64 We determined
the diffusion coefficient in the experiments by
fitting Equation 2.13 to a large number (approxi-
mately 2.3× 105) of voxels for a ROI in the bulk
water. The diffusion trajectories were then cor-
rected by keeping the diffusion step length the
same, but correcting the diffusion step time by
a factor Dsimulated/Dmeasured, before performing
the MRI simulations.
3.5.1 Fisher information scores
We determined an approximate Fisher informa-
tion score for all b-values to determine the vari-
ation in packing fraction ϕ. The score was cal-
culated using Equation 2.20, where we approxi-
mated the derivative as
∂Sq(θ)
∂θ
= dSb(ϕi)
dϕ
= Sb(ϕ+)− Sb(ϕ−)
ϕ+ − ϕ− ,
(3.6)
with Sb(ϕi) the signal as function of ϕ for a spe-
cific b-value evaluated at ϕ = ϕi, ϕ− a lower
packing fraction and ϕ+ a higher packing frac-
tion than ϕi. We chose ϕ− and ϕ+ to be equally
spaced around ϕ (ϕi − ϕ− = ϕ+ − ϕi) and set
the difference between ϕ and ϕ−, ϕ+ as large as
possible.
The noise σ was set equal to the modelled
noise in Equation 3.5.
3.5.2 Relative error
The relative error between simula-
tions and experiments is defined as
|Ssimulated−Smeasured/Smeasured|. It is deter-
mined for all simulated packing fractions and
all MRI protocols listed in Table 3.1. For the
mean relative error per packing fraction ϕ, we
only included b-values up to 2000 smm−2 for the
parallel direction, as we expect to measure only
noise at higher b-values.
3.5.3 Comparison with Maxwell-Garnett
theory
The apparent diffusion coefficient was deter-
mined for experiments and simulations by fit-
ting the diffusion kurtosis model given in Equa-
tion 2.14 to the signal in the direction per-
pendicular to the fibers. We used the fit-
ted bulk apparent diffusion coefficient D0 =
1.99× 10−3mm2 s−1 in calculating the tortuosity
α = Dapp/D0. A standard least-squares proce-
dure based on the Levenberg–Marquardt algo-
rithm38,42 was used as implemented in SciPy.36
CHAPTER 3. MATERIALS AND METHODS 17

Chapter 4
Results
Table 4.1: Measured fiber fractions ϕ and trans-
verse relaxation times T2 for the two phantoms
of interest.
ϕ T2 (ms)
Bulk 2686± 292
Phantom 1 0.63± 0.06 2125± 569
Phantom 2
Crossing 0.86± 0.04 288± 107
Compressed 0.79± 0.08 1609± 446
Diverging 0.51± 0.19 1999± 598
4.1 Fiber density measurements
The measured fiber density map is show in Fig-
ure 4.1. Measured fiber densities ϕ and T2 times
are given in Table 4.1. For phantom 1, the fiber
density is the same for each of the bundles. In
phantom 2, a difference is visible between the
compressed and crossing area: where the fiber
density is approximately constant in the com-
pressed area, there is a clear density gradient in
the diverging area.
T2 transverse relaxation times are largest for
the areas that have the lowest fiber densities and
the T2 time decreases as the fiber fraction ϕ in-
creases.
4.2 Experimental results
4.2.1 Amsterdam data
Bulk apparent diffusion coefficient
The apparent diffusion coefficient was deter-
mined for a region of interest (ROI) of ap-
proximately 2.3× 105 voxels in the bulk to be
1.99± 0.07× 10−3mm2 s−1, which is in good
agreement with previously measured values at
20℃.26,64 This fitted diffusion coefficient was
used to correct the simulated diffusion coeffi-
cient (2.2× 10−3mm2 s−1).
Diffusion-weighted measurements
The signals measured using the Amsterdam pro-
tocol for all values of ϕ present in the parallel
regions of phantoms 1 and 2 can be seen in Fig-
ure 4.2a. We included packing fractions ϕ from
0.275 to 0.75. There is a clear trend visible in the
perpendicular direction, where the attenuation
is less for higher packing fractions.
There is no significant trend in packing frac-
tion visible in the parallel direction for b-values
up to 2000 smm−2. For these b-values the the sig-
nal behaves mono-exponentially, as opposed to
the perpendicular direction: at higher values of
b, the signal becomes non-Gaussian.
The experimental noise was determined to be
(3.2± 1.7)× 10−3 and is indicated by crosses in
Figure 4.2a. The signal in the parallel direc-
tion stays above this noise floor, even for val-
ues higher than 2000 smm−2. At these higher b-
values in the parallel direction, the same trend is
visible in packing fraction as for the perpendicu-
lar direction. Higher packing fractions result in
less attenuation.
4.2.2 Rotterdam data
The signals measured using the Rotterdam pro-
tocol for all values of ϕ present in the paral-
lel regions of phantoms 1 and 2 can be seen
in Figure 4.2b. The results are comparable to
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Figure 4.1: Image showing the negative (normalized) proton density map in three projections. In the
phantom areas, this means that higher values correspond to larger fiber packing fractions. In the top
left image, it can be seen that the crossing area has a larger fiber density than the diverging parallel
area. A fiber density gradient is clearly visible in the diverging parallel area. Measured fiber densities
for phantom 1 are 0.63± 0.06. Measured fiber densities for phantom 2 are: 0.86± 0.04 for the crossing
area, 0.79± 0.08 for the compressed area and 0.51± 0.19 for the diverging area. Phantom numbers
are indicated, as well as the three regions of interest of phantom 2.
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(a) Amsterdam data.
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(b) Rotterdam data.
Figure 4.2: Signal versus b-value for all measured ϕ in the parallel fiber areas of phantom 1 and 2.
Triangles correspond to the signal measured in the perpendicular direction, circles correspond to the
signal in the parallel direction. The packing fraction ϕ is indicated by the colorbar. The noise floor is
marked by ’x’.
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the Amsterdam measurements shown in Fig-
ure 4.2a. However, the spread in signal for
b = 2000 smm−2 is slightly larger for the Rot-
terdam measurements than for the Amsterdam
measurements. The experimental noise was de-
termined to be (27.4± 3.1)× 10−3, which is sig-
nificantly higher than the noise determined for
the Amsterdam data.
By fitting the diffusion tensor to each voxel,
the average angle between the principal eigen-
vector and the fitted parallel direction was found
to be 3.7± 2.7°.
4.2.3 Comparison between Amsterdam and
Rotterdam data
In Figure 4.3 the calculated Fisher scores for
the Rotterdam and Amsterdam data are shown.
Scores were calculated for the perpendicular and
parallel directions for ϕ = 0.400 and 0.625.
In the parallel direction, the score is low,
meaning that there is almost no information
about the packing fraction. For the Amsterdam
data, no trend in Fisher score can be seen in
the parallel direction. However, for the Rotter-
dam data, the Fisher score increases as the b-
value increases. Average scores and CRLB’s are
tabulated in Table 4.2. The Rotterdam data has
slightly higher Fisher scores in the parallel di-
rection compared to the Amsterdam data (and
therefore a smaller CRLB).
The scores in the perpendicular direction are
higher than the scores for the parallel direction.
As expected, the lower SNR and lower b-values
lead to less information on ϕ in the Rotterdam
data when compared to the Amsterdam data.
The higher packing fraction results in higher
Fisher scores than the low packing fraction (see
Table 4.2). For all scores in the perpendicular di-
rection, there is a trend visible: as the b-value in-
creases, the Fisher score increases. At a b-value
of approximately 1000 smm−2 it reaches a maxi-
mum value and decreases again for larger values
of b. This decrease is more clearly visible for the
lower packing fraction than for the higher pack-
ing fraction.
Table 4.2: Overview of average CRLB’s for two
packing fractions and directions, for the Amster-
dam and Rotterdam data. Higher packing frac-
tions can be more accurately estimated. The Am-
sterdam data has a slightly higher sensitivity for
variations in packing fraction.
Data ϕ CRLB
Parallel Perpendicular
Amsterdam 0.400 0.3 ± 0.4 0.002 ± 0.001
Amsterdam 0.625 0.05± 0.02 0.0002± 0.0001
Rotterdam 0.400 0.03± 0.03 0.005 ± 0.004
Rotterdam 0.625 0.03± 0.03 0.0003± 0.0001
4.3 Comparison of simulations to
experimental results
4.3.1 Square packing
Simulated signals up to b = 7000 smm−2 for all
simulated ϕ of the square packed cylinders are
shown in Figure 4.4a. It can be seen that in the di-
rection parallel to the cylinders, the diffusion is
mono-exponential. In the direction perpendicu-
lar to the cylinders, the diffusion in hindered and
non-Gaussian. As the packing fraction increases,
there is less attenuation in the perpendicular di-
rection, hinting at a more hindered diffusion, as
is expected. The parallel diffusion is the same for
all packing fractions.
In the perpendicular direction, the signals
reach local minima close to the b-values pre-
dicted by Equation 2.16, before increasing again
and subsequently decreasing again for the high-
est b-values.
A comparison between simulations for a
square cylinder packing at a fiber density ϕ =
0.4 and the experimental Amsterdam data can
be seen in Figure 4.4b. Varying the gradient du-
ration δ and the diffusion time ∆ has limited ef-
fect on the experimental signal. For the simu-
lated data, longer diffusion times lead to more
attenuation of the signal. The longest diffusion
time for protocol A01 provides the best match
between simulated data and experiment.
The relative error between the simulations
and the experiments is plotted in Figure 4.8a.
There is good agreement between the simulated
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Figure 4.3: Plot showing the Fisher scores for two packing fractions ϕ of the Amsterdam and Rot-
terdam data. There is almost no information about ϕ in the parallel direction (circles, squares). In
the perpendicular direction (triangles), the score for the larger packing fraction is higher. Also, the
scores for the Amsterdam data (up-pointing triangles) are higher than the scores for the Rotterdam
data (down-pointing triangles). ϕ is indicated by the colorbar.
signal and the experimental signal in the paral-
lel direction for b-values up to 2000 smm−2: for
smaller b-values the relative error stays below
8%. At higher b-values the signal is attenuated
and the signal to noise ratio decreases, resulting
in a larger discrepancy between simulation and
experiment.
In the perpendicular direction, the relative er-
ror stays below 11% for b-values smaller than
2000 smm−2. For higher gradient strengths, the
error increases rapidly and reaches values ex-
ceeding 100 %.
Fisher scores for two different packing frac-
tions are plotted in Figure 4.5. The Fisher score is
lower for the parallel direction than for the per-
pendicular direction and decreases rapidly for
higher b-values, as expected. In the perpendic-
ular direction, the higher packing fraction has
a higher Fisher score. In the experimental data,
the Fisher scores are at a maximum around b =
1000 smm−2. This is not the case for the square
packing simulations.
For both packing fractions, the Fisher score in-
creases as the b-value increases. There are two
differences: for b-values larger than 6000 smm−2,
the Fisher score for the lower packing fraction
decreases while the score for the higher frac-
tion keeps increasing. Additionally, the Fisher
score for the higher packing fraction shows less
change across the whole b-value range. It only
increases slightly for larger b-values, when com-
pared to the lower packing fraction.
4.3.2 Random packing
In the parallel direction, all signals overlap like
for the square packing, as can be seen in Fig-
ure 4.6a. In the perpendicular direction, there
are two main differences from the square pack-
ing. The first difference is that there is less or-
dering in packing fraction. Where for the square
packing higher packing fractions resulted in less
attenuation, there is no clear trend for the ran-
dom packing. For this reason, the Fisher score
plot is not shown, as it provides no reliable infor-
mation. The derivative of the signal could not be
accurately determined.
Secondly, the diffraction-like minima that
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(a) Signal versus b-value for all simulated values of ϕ for a square cylinder packing. Points are the simulated
values, the dashed lines are the b-values of the predicted diffraction-like minima as given by Equation 2.16 for
ϕ = 0.4, 0.5, 0.6, and 0.75. Triangles correspond to the signal measured in the perpendicular direction, circles
correspond to the signal in the parallel direction. The packing fraction ϕ is indicated by the colorbar.
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(b) Signal versus b-value for a packing fraction ϕ = 0.4. Points represent measured Amsterdam data, lines
are simulations using a square cylinder packing. The signal was measured in two directions, the circles are
measured in the direction parallel to the fibers, the triangles in the direction perpendicular to the fiber direction.
The noise floor is marked by ’x’. Darker colors indicate longer diffusion times ∆.
Figure 4.4
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Figure 4.5: Plot showing the Fisher scores for two packing fractions ϕ in the simulated square pack-
ing. There is almost no information about ϕ for the parallel direction (circles). In the perpendicular
direction (triangles), the score for the larger packing fraction is higher.
were observed for the square packing are not
present for the random packing, as expected.
Again, longer diffusion times lead to more atten-
uation in the perpendicular direction for the sim-
ulation data, but has limited effect on the mea-
sured data.
Figure 4.8 shows that the absolute relative er-
ror in the parallel direction is the same as for
the square packing. In the perpendicular direc-
tion, the error is higher for the random pack-
ing than for the square packing for b-values up
to 2000 smm−2. At higher b-values, the error
is smaller for the random packing than for the
square packing, but is still close to 100 %.
4.3.3 Random packing, minimum separation
The simulated signal for the random packing
with minimum separation shown in Figure 4.7a
closely resembles the results for the random
packing, except for one important difference: in
the perpendicular direction, there is more order
in packing fraction. Higher packing fractions
lead to less attenuation of the signal for b-values
up to approximately 3000 smm−2. At higher b-
values, the ordering is lost. The Fisher scores are
not shown, because the derivative could not be
accurately determined because of this loss of or-
der.
The match between simulation and experi-
ments is best for the random packing with min-
imum separation, as is shown in Figure 4.8. The
error in the parallel direction is approximately
the same for all packings, but the error in the per-
pendicular direction is significantly lower for the
random packing with minimum separation. Al-
though the error increases for higher values of b,
it does not exceed 11 % at the largest b-value.
Longer diffusion times lead to more attenua-
tion for the simulation data. For the experimen-
tal data, the short diffusion times do not match
with the simulations, but the intermediate and
long diffusion times do match.
4.3.4 Discrepancy between simulations and
experiments
Figure 4.8b shows the absolute relative errors for
all packing types as a function of volume frac-
tion ϕ. The random packing with minimum sep-
aration has the lowest relative error. The error
in the perpendicular direction for this packing is
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(a) Signal versus b-value for all simulated values of ϕ for a random cylinder packing. Triangles correspond to
the signal measured in the perpendicular direction, circles correspond to the signal in the parallel direction.
The packing fraction ϕ is indicated by the colorbar.
0 1000 2000 3000 4000 5000 6000 7000
b (smm−2)
10 2
10 1
100
S
A06
A07
A05
A11
A04
A09
A02
A08
A03
A01
(b) Signal versus b-value for a packing fraction ϕ = 0.4. Points represent measured Amsterdam data, lines
are simulations using a random cylinder packing. The signal was measured in two directions, the circles are
measured in the direction parallel to the fibers, the triangles in the direction perpendicular to the fiber direction.
The noise floor is marked by ’x’. Darker colors indicate longer diffusion times ∆.
Figure 4.6
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(a) Signal versus b-value for all simulated values of ϕ for a random cylinder packing, where the cylinders are
separated from each other at a set minimum distance. Triangles correspond to the signal measured in the
perpendicular direction, circles correspond to the signal in the parallel direction. The packing fraction ϕ is
indicated by the colorbar.
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(b) Signal versus b-value for a packing fraction ϕ = 0.45. Points represent measured Amsterdam data, lines
are simulations using a random cylinder packing, where the cylinders are separated from each other at a set
minimum distance. The signal wasmeasured in two directions, the circles aremeasured in the direction parallel
to the fibers, the triangles in the direction perpendicular to the fiber direction. The noise floor is marked by ’x’.
Darker colors indicate longer diffusion times ∆.
Figure 4.7
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(a) Plot showing the relative error between the measured Amsterdam data and the simulated signal for ϕ =
0.45 as a function of b-value. Higher b-values lead to a larger mismatch, the random packing with minimum
separation distance performs best.
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(b) Plot showing the relative error between the measured Amsterdam data and the simulated signal for all
simulated packing fractions. Average errors are in the parallel direction: 0.07± 0.01 for the random packing,
0.06± 0.03 for the random packing with minimum separation and 0.08± 0.03 for the square packing. In the
perpendicular direction: 0.36± 0.17 for the random packing, 0.09± 0.06 for the random packing with mini-
mum separation and 0.27± 0.20 for the square packing.
Figure 4.8
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Figure 4.9: A comparison between the Bloch simulation used here and the narrow pulse approxi-
mation (NPA). Experimental data is plotted for two packing fractions, as indicated by the colorbar.
Triangles mark the perpendicular gradient direction and circles mark the parallel direction. For both
packing fractions, the simulation data is closest to the experimental values.
close to the errors in the parallel direction for the
rest of the packing types.
As the packing fraction increases, the error of
the square packing decreases.
In Figure 4.9, a comparison between the MRI
simulations and the narrow pulse approxima-
tion (NPA) is plotted. The pulse sequence cor-
responds to experiment A07 (δ = 40ms, ∆ =
62.5ms) and is chosen because of the long gra-
dient duration in comparison with the diffusion
time. The simulations are randomly packed with
a minimum separation distance at two different
packing fractions.
For the parallel direction, the experimental
data overlapswith both the narrow pulse approx-
imation and the MRI simulations. At the highest
b-values of 3500 and 5000 smm−2 there is a larger
mismatch.
Perpendicularly to the cylinder direction, the
MRI simulations match better with the experi-
mental data when compared to the narrow pulse
approximation, for both packing fractions. The
mismatch between the NPA and the MRI simula-
tion increases for higher b-values.
4.3.5 Comparison with Maxwell-Garnett
theory
In Figure 4.10a a comparison between the exper-
imental results, simulated results and Maxwell-
Garnett theory is shown for long diffusion times
(here ∆ = 118.5ms). The experimental data
has approximately the tortuosity predicted by
the Maxwell-Garnett theory. The same holds
true for the square packed cylinders and the ran-
domly packed cylinders with minimum separa-
tion distance. The cylinders that are fully ran-
domly distributed have a lower tortuosity than
predicted by the Maxwell-Garnett theory.
Figure 4.10b gives an indication of the relative
performance of a mono-exponential fit of the ex-
perimental data and a diffusion kurtosis model.
For both packing fractions, the diffusion kurto-
sis model provides a better fit to the experimen-
tal and square packed cylinder data. This is espe-
cially apparent for the high b-values. The mean
diffusion kurtosis ⟨Kapp⟩ = 0.67± 0.22 for the
experimental data and the kurtosis increases as
the packing fraction increases. The mean diffu-
sion kurtosis ⟨Kapp⟩ = 0.62± 0.17 for the sim-
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(a) Comparison of simulated and experimental results (Amsterdam data) to the diffusion coefficient predicted
by the Maxwell-Garnett theory for long diffusion times (here ∆ = 118.5ms).
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(b)A comparison between amono-exponential fit (Equation 2.13) and a diffusion kurtosis model (Equation 2.14)
for two packing fractions. The diffusion kurtosis model provides a better fit to the experimental data. The
kurtosis increases as the packing fraction increases. Left: Experimental Amsterdam data. The mean diffusion
kurtosis ⟨Kapp⟩ = 0.67± 0.22. Right: Simulated data for the square packing. The mean diffusion kurtosis
⟨Kapp⟩ = 0.68± 0.23.
Figure 4.10
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ulated square packing, ⟨Kapp⟩ = 0.73± 0.15 for
the random packing and ⟨Kapp⟩ = 0.38± 0.10
for the random packing with a minimum separa-
tion distance.
4.3.6 Different cylinder radii
Simulations were also performed for cylinders
of different radii. The results are shown in Fig-
ure 4.11. For the square packed cylinders in Fig-
ure 4.11a, the signal attenuation decreases as the
radius decreases. This effect is observed mainly
for b-values above 2000 smm−2. At the low pack-
ing fraction (ϕ = 0.4) there are no diffraction-
like minima visible, except for the smallest cylin-
der radius of 6 µm. However, at the higher pack-
ing fraction ϕ = 0.55, diffraction-like minima
are again visible for the 8 µm cylinders. This
leads to a less clear order in cylinder radius. For
the random packing with minimum separation
in Figure 4.11b, the order is even less clear.
4.3.7 Gradient directions
The signal versus b-value as function of the an-
gle with the fiber direction is shown in Fig-
ure 4.12, for the experimental Rotterdam data
(Figure 4.12a) and simulations of a random pack-
ing with minimum separation (Figure 4.12b). As
the angle increases, the diffusion becomes in-
creasingly hindered and therefore the attenua-
tion decreases.
In Figure 4.12b the differences in angle in-
crease as the b-value increases. For the largest b-
values of 3500 and 5000 smm−2, angles below 30°
show no ordering in signal attenuation anymore.
Indicated by dashed and dotted lines are the sig-
nal intensities for the Rotterdam andAmsterdam
data, in the parallel direction (the angle should
be 0°). For the Rotterdam data, the signal corre-
sponds to the simulated signal at 45± 1° and for
the Amsterdam data it corresponds to 30± 8°.
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(a) Square packing with ϕ = 0.4 (left) and ϕ = 0.55 (right).
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(b) Random packing with minimum separation, the average ϕ = 0.375.
Figure 4.11: Signal versus b-value plot for different cylinder radii. The radii are indicated by the
colorbar in µm. Triangles are the signals measured in the perpendicular direction, circles are signals
measured in the parallel direction.
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(a)Measurements at ϕ = 0.525 (Rotterdam data).
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(b) Simulations for a random packing with minimum separation at ϕ = 0.526. Indicated are the values for
the Rotterdam and Amsterdam data at their maximum b-values, at angle 0°. For the Rotterdam data, the signal
corresponds to the simulated signal at 45± 1° and for the Amsterdam data it corresponds to 30± 8°.
Figure 4.12: Signal versus b-value plot for different gradient directions. The angle between the cylinder
axis and the gradient direction is indicated by the colorbar in degrees. Measurements are taken from
the Rotterdam data. Simulations are performed for a random packing with minimum separation
distance.
CHAPTER 4. RESULTS 33

Chapter 5
Discussion
5.1 Fiber density measurements
For phantom 2, the fiber density was mea-
sured in previous experiments:15 0.76± 0.01
for the crossing area, 0.76± 0.02 for the com-
pressed area and 0.44± 0.01 to 0.65± 0.02 in
the diverging area. This matches our measure-
ments of 0.79± 0.08 for the compressed area
and 0.51± 0.19 for the diverging area, however
we measured a slightly larger fiber density of
0.86± 0.04 for the crossing area. Although the
number of contrast used here (5) is smaller than
the number of contrasts used in previous experi-
ments (32), the results agree for the parallel areas
that we are interested in.
5.2 Experimental results
As can be seen in Figure 4.2, there is a clear or-
dering in packing fraction ϕ in the perpendicu-
lar direction: higher packing fractions lead to an
increase in signal attenuation, as expected. In
the parallel direction, there is no ordering for b-
values up to 2000 smm−2. This is also expected,
because the diffusion along the fiber axis is un-
hindered and should therefore be Gaussian and
independent of packing fraction.
Lack of attenuation at high gradient strengths
For b-values larger than 2000 smm−2, there is the
same ordering in packing fraction visible as for
the perpendicular direction, even though we ex-
pected to measure only noise for these high b-
values. However, it can be seen that the noise
floor that was determined from the bulk is not
reached. The lowest signal measured in the par-
allel direction was 3.7× higher than the noise
floor for the Amsterdam data and 1.7× for the
Rotterdam data.
This can be explained by a tiny misalignment
of the gradient direction and the parallel fiber
direction: at high b-values, this would lead to
less attenuation of the signal. This has two ef-
fects: the first being that the noise floor would
only be reached at even larger b-values than we
measured. Secondly, this depends on the pack-
ing fraction and higher packing fractions would
then also for the semi-parallel direction lead to
less attenuation of the signal, leading to an or-
dering similar to what we observed here.
Gradient direction misalignment We fitted a
single-tensor model to each voxel of the Rotter-
dam data for the compressed area of phantom 2
and for phantom 1. We found an angle between
the principal eigenvector and the parallel direc-
tion of 3.7± 2.7°. This angle could explain why
the noise floor is not reached. However, the low
SNR ratio and resolution of the Rotterdam data
could also lead to a principal eigenvector that is
not exactly parallel to the fibers.
Additionally, it is possible that not all fibers
are stacked perfectly parallel, but that there is
some small variation in the orientation that has
the same effect of a slight misalignment of the
gradient directions. This could also explain the
spread in orientation for the fitted diffusion ten-
sor principal eigenvectors.
Note also that in the diverging area of phan-
tom 2, the fibers are by definition not stacked
completely parallel, but diverge to create a den-
sity gradient. However, the gradients are ori-
ented in the plane perpendicular to the direction
in which the fibers diverge. In those directions,
35
Sensitivity study of diffusion-weighted MRI R.W. Verweij
the fibers are expected to be parallelly aligned
over the size of a voxel (approximately 2mm).
For both the Rotterdam and Amsterdam data,
the apparent diffusion coefficient in the parallel
direction matches the diffusion coefficient that
was determined for a ROI in the bulk. This is an
indication that the alignment between gradient
and fiber direction is good.
Different gradient angles In order to investigate
how a misalignment of the gradient direction
would affect the measured signal, the angle be-
tween the cylinder direction and gradient direc-
tion was varied between 0 to 90° as shown in
Figure 4.12b. As expected, the signal attenua-
tion increases as the angle decreases. In simula-
tions, the ordering in angle is lost for the higher
b-values, indicating that for those measurements
the noise floor is reached.
We found that if a misalignment would be
the cause for the lack of signal attenuation for
high b-values in experiments, the misalignment
would have to be huge. For the Rotterdam data,
the signal corresponds to the simulated signal
at 45± 1° and for the Amsterdam data it cor-
responds to 30± 8°. However, we only mea-
sured a deviation in angle between the parallel
gradient direction and the principal eigenvector
of 3.7± 2.7°. A misalignment between gradient
and fiber direction can therefore not be the only
effect that leads to this lack of attenuation at
high b-values. However, currently no other ex-
planation is available.
5.3 Comparison of simulations to
experimental results
5.3.1 Square packing
The signal in the parallel direction should be the
same for simulations and experiments regardless
of packing type. This is observed for the low
b-values up to 2000 smm−2, but not for higher
b-values. There the measured signal is higher
than expected, as discussed. The simulations cor-
rectly go to the signal level of the experimentally
determined noise floor.
Diffraction-like minima As can be seen in Fig-
ure 4.4a, the simulated MRI signal is modulated
by the diffraction-like minima as predicted by
Equation 2.16. The predicted location of the first
minimum is shown for ϕ = 0.4, 0.5, 0.6, and 0.75.
For the lower packing fractions 0.4 and 0.5, the
location of the minimum is not really clearly vis-
ible. For ϕ = 0.6, the location of the minimum
is accurate and for ϕ = 0.75, the location of the
minimum is not really clear but seems to be close
to the predicted location. Although this analy-
sis is not systematic, we think the shape of the
signals in the perpendicular direction can be ex-
plained by the existence of these diffraction-like
minima that are caused by the periodic structure
of the substrate. The small deviations in pre-
dicted and actual location of the diffraction-like
minima can be explained by the fact that Equa-
tion 2.16 is valid for a spin diffusing between two
parallel plates, and is therefore only an approxi-
mation of a spin diffusing between parallel cylin-
ders, where there is a wider range of separation
distances Ld.
An interesting experiment would be to mea-
sure the square packed cylinders at an angle of
45° with respect to the perpendicular gradient
direction we used here. In that direction, the
separation between cylinders is larger and the
diffraction-like minima are expected to shift to
smaller b-values or vanish entirely.
Fiber packing is not square The mismatch be-
tween the experimental data and the simulated
data for the square packing can be explained by
the fact that for the fabrication method that was
used to create the phantom, we do not expect the
fibers to form a square packing. Our results seem
to confirm that the fibers are not square-packed.
Maximum in Fisher score The observation that
for the lower packing fraction the maximum
Fisher score is reached around b = 5500 smm−2
can be explained by the following reasoning: at
higher b-values, the signal is more sensitive to
hindered diffusion and therefore slow apparent
diffusion coefficients. The mean apparent diffu-
sion coefficient changes with packing fraction ϕ,
as a higher fraction leads to more barriers and
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therefore a smaller ADC. A maximum should be
reached in the Fisher score, after which increas-
ing the b-value only leads to a smaller signal to
noise ratio, because the mean apparent diffusion
coefficient is never equal to zero for tempera-
tures above absolute zero. No such maximum
is observed for the larger b-value: we expect to
find this maximum at even higher b-values than
what we measured here.
5.3.2 Random packing
The lack of ordering in signal attenuation by
packing fraction for the perpendicular direction
is unexpected. We do not know of any empirical
evidence that explains this behavior and there-
fore conclude that it has to do with the studied
system size.
For the random packing simulations, one
voxel contained between 38 cylinders for ϕ =
0.3 to 73 for ϕ = 0.573. Given the large hetero-
geneity in one voxel and between voxels of the
same packing fraction, we believe the number of
cylinders used here is too small to provide statis-
tically valid results.
Algorithm needs optimization This small sys-
tem size can also explain the large differences
between the random packing and experimental
results. However, the simulation is currently
not suitable to cope with larger number of cylin-
ders and therefore the algorithm needs to be op-
timized for future studies. As the algorithm’s de-
sign was based on a unit cell that contains only
one cylinder, there is room for improvement and
small changes to the algorithm are expected to
lead to significant speedups.
5.3.3 Random packing, minimum separation
Although we used the same number of cylin-
ders for the random packing simulations with
minimum separation as for the fully random
packing, a clearer ordering in packing fraction
was observed in the perpendicular direction, al-
though still some outliers are present. Addition-
ally, there was good agreement between the sim-
ulations and experimental results.
Voxel heterogeneity complicates results Thehet-
erogeneity in one voxel and between voxels is
much lower for this packing type as for the fully
random packing, because of the enforced mini-
mum distance. Comparing Figures 3.4 and 3.5,
there are some striking differences: for the fully
random packing, there are clusters of cylinders
that form an enclosed space between them in the
xy-plane, which acts like a pore from which the
spins cannot escape (highlighted in yellow).
Note that even non-touching cylinders will ef-
fectively enclose the spins, if the space between
cylinders is smaller than the discrete step size
used for the simulations. This will lead to a
higher apparent diffusion coefficient than would
be expected based on packing fraction alone.
Indeed, the perpendicular signals for the fully
random packing are systematically higher than
the experimental signals, which means that the
apparent diffusion coefficient is systematically
lower than expected.
Water is not ‘trapped’ in phantom For the ran-
dom packings with minimum separation dis-
tance, the simulated signals are closer to the
experimental signals compared to the fully ran-
dom packing. This indicates that these pore-like
structures do not frequently occur in the hard-
ware phantom. The hydrophobic fibers can be
expected to cluster in water, as was previously
observed for fiber bundles compressed by heat
shrink tubes.16 However, based on our data, we
do not observe this clustering effect which leads
to the formation of pores.
5.3.4 Different packings compared
The random packing with minimum separation
distance has the smallest relative error when
compared to the experimental results (see Fig-
ure 4.8). Because of the fiber fabrication method
and previous results,21 the fibers are expected
to have a random packing. This is again con-
firmed by the good agreement between the simu-
lated random packing with minimum separation
and the experimental results. However, the ran-
dom packing does not give the expected results,
which is likely caused by the small system size.
The square packing does not perform well for
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small packing fractions ϕ but produces better re-
sults for higher packing fractions.
Increasing error for higher b As the gradient
strength is increased, the relative error between
simulations and experiments also increases for
all packing types. For the parallel gradient di-
rection, this can be explained by the observation
that for the experimental data, the noise floor is
not reached even at high b-values. The noise
floor was determined from a large ROI in the
bulk at the largest b-value. We expected the sig-
nal to eventually reach this noise floor in the par-
allel direction. For the simulated data, this does
happen and it explains the large error for high
gradient strengths in the parallel direction.
In the perpendicular direction, the measure-
ment becomes increasingly sensitive to small
variations in apparent diffusion coefficient,
cylinder radius and packing fraction, amongst
other factors. Small deviations from the exper-
imental value might already cause a large devia-
tion in the signal. This is confirmed by the low
CRLB for the packing fraction of 0.0002 (Amster-
dam data) and the large influence of varying the
cylinder radius on the signal, especially at high
b-values (see Figure 4.11). These effects are inde-
pendent and can both lead to an increasing error
at higher gradient strengths.
The packing fraction we determined from the
proton density map (Figure 4.1) was divided in
bins of 0.025. This is significantly higher than the
CRLB on the packing fraction and might cause
these variations at high gradient strengths.
Maximum random packing fraction Due to the
method we use for generating the random cylin-
der configurations (random sequential addition),
there is a practical upper limit on the packing
fraction ϕ that can be generated.9,14,25 To obtain
larger packing fractions, the most reliable way
is to perturb an ordered packing that has the de-
sired packing fraction. The square packing sim-
ulations already generate quite good results for
the highest packing fractions. We believe the rel-
ative error will be even smaller for these high
packing fractions when defects are introduced in
the square packing lattice.
The effect of diffusion time For all simulated
packing types and fractions, the signal attenu-
ation increases as the diffusion time increases.
Based on the expected time dependencies for the
apparent diffusion constant shown in Figure 2.2,
we expect the ADC to decrease for longer diffu-
sion times. This would lead to a decrease of sig-
nal attenuation instead of an increase. The exper-
imental data shows little variation over the range
of diffusion times that we measured. In a pre-
vious study,21 a larger range of diffusion times
was measured for phantom 2. In that study, a
decrease in ADC for longer diffusion times was
measured and it was found that the ADC de-
creases faster for higher packing fractions.
The differences we measured are around 1%
for the simulations and are much smaller than
the mean relative error between simulations and
experiments. For a study on the influence of
diffusion time, the voxel size used in the ran-
dom packing simulation therefore needs to be
increased to reduce the error and generate sta-
tistically valid results.
5.3.5 Narrow pulse approximation validity
Figure 4.9 shows that the narrow pulse approxi-
mation produces worse results when compared
to ourMRI simulations that take into account the
gradient duration δ. The effect is best observed
when the gradient duration δ is large compared
to the diffusion time∆, as expected. In this case
the mismatch is so large that the narrow pulse
approximation of the highest packing fraction
ϕ = 0.525 is closer to the lower packing fraction
ϕ = 0.300. This clearly shows the need for care-
ful simulations that take into account the gradi-
ent duration δ.
5.3.6 Comparison with Maxwell-Garnett
theory
The approximated tortuosity matches the tortu-
osity that was measured experimentally. Also, it
matches the tortuosity of the simulated data for
the square packing and the random packingwith
minimum separation, as shown in Figure 4.10a.
For the fully random simulations, the tortuosity
is much lower than expected, which we propose
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is caused by pore like structures that trap the
spins. Because of the small voxel size, a few of
these structures can have a large impact on the
signal, especially at high b-values.
Previous experiments on phantom 2 showed a
mismatch in the apparent diffusion constant that
is predicted by the Maxwell-Garnett theory for a
square packing of fibers and themeasured appar-
ent diffusion constant.21 We did not observe this
mismatch here.
Kurtosis model indicates ‘broad’ Gaussian Fit-
ting the diffusion kurtosis model resulted in a
good match between model and data. The mean
diffusion kurtosis ⟨Kapp⟩ = 0.67± 0.22 for the
experimental data, which agrees with previous
findings.21 We also found that the kurtosis in-
creases for higher packing fractions, as reported
before.21 The positive value indicates that the
underlying displacement distribution is broader
than expected for a normal Gaussian distribu-
tion, for both the measured and simulated data.
Which makes sense: the restricting fibers hin-
der the diffusion and therefore a broader distri-
bution of displacements is expected than for free
diffusion.
5.3.7 Different cylinder radii
Figure 4.11a shows that the signal attenuation
decreases as the cylinder radius decreases for
ϕ = 0.4. This can be explained by the fact
that the space between the cylinders decreases
as the cylinder radius decreases, according to
Equation 3.1. This will lead to more hindered
diffusion and therefore more signal compared to
larger cylinder radii.
However, for the larger packing fraction of
ϕ = 0.55, the effect is less clear because of the
diffraction-like minima that modulate the signal.
For the random packing with minimum separa-
tion in Figure 4.11b, the order is even less clear.
This is caused by the method that is used to gen-
erate the randompacking (random sequential ad-
dition). Because of the inherent randomness of
the RSA method, there is a spread in packing
fractions of roughly 0.05. More careful strate-
gies are needed in order to investigate the effect
of changing the cylinder radius for the random
packing. For example, a periodic lattice could be
generated at the desired packing fraction, that is
then disturbed to form a random packing of the
target packing fraction.
5.4 DW-MRI sensitivity for packing
fraction
An overview of our results for the calculated the-
oretical minimum deviations (CRLB) in packing
fractions can be seen in Table 4.2. The Amster-
dam experiment is best suited to discern small
changes in the packing fraction. This is expected,
because of two reasons: first, the voxel size and
resolution is higher and therefore the packing
fraction can be determined more accurately. Sec-
ondly, the maximum b-value is higher in the Am-
sterdam experiment, which leads to more Fisher
information, as can be seen in Figure 4.3.
Higher packing fractions can be determined
more accurately. This means that the variation
in MRI signal for higher packing fractions is
larger than for lower packing fractions. This
can be explained by the following reasoning: if
the diffusion time is short enough, low pack-
ing fractions are nearly indistinguishable from
isotropic substrates. However, the same diffu-
sion time may be long enough to sample the sub-
strate structure at higher packing fractions.
Comparing Figures 4.3 and 4.5, we see that the
Fisher score for ϕ of the simulations is higher
than the experimental data. This suggest that ad-
justing the measurement protocol can lead to an
improvement of the Fisher score for the experi-
mental data, by using higher b-values or increas-
ing the signal to noise ratio.
One important consideration to keep in mind,
is that changing the cylinder radius also has a
large effect on the measured signal. For future
studies, the effect of changing packing fractions
and cylinder radii should be studied simultane-
ously by incorporating both parameters in the
Fisher information matrix.
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Chapter 6
Conclusions and Outlook
In this study, we focused on simple substrates
and variations in packing fraction. The reason is
that for these simple simulations, we were able
to compare our simulation results to the experi-
mental results of a diffusion hardware phantom
that serves as a ground-truth. This allowed us to
check the correctness and accuracy of the simu-
lations.
We found that the experimental measure-
ments were best modelled by a random pack-
ing of cylinders with a minimum separation dis-
tance and that square packed cylinders did not
describe the experimental data. However, the
simulated system size is too small to provide sta-
tistically accurate results. Follow-up simulations
are needed in which a larger system size is used.
The mean absolute relative error between simu-
lations and experiments was 0.27± 0.20 for the
square packing, 0.37± 0.17 for the random pack-
ing and 0.09± 0.06 for the random packing with
minimum separation distance.
We found that our results agree with the
apparent diffusion coefficient predicted by the
Maxwell-Garnett theory for the experimental
data and simulations (for the square and ran-
dom packing with minimum separation dis-
tance). The MRI simulator that takes into ac-
count the gradient duration δ leads to results
that are a better match to the experimental data
than the narrow pulse approximation.
A theoretical lower bound was determined for
the deviation in packing fraction that can be
measured. We found that the packing fraction
can be determined more accurately for higher
packing fractions and that increasing the gradi-
ent strength leads to more Fisher information.
However, if the gradient strength is too high, the
signals are attenuated and the available Fisher in-
formation decreases.
The Cramér-Rao lower bound (CRLB) on the
variance in packing fraction was determined to
be 0.0002 for the Amsterdam data and 0.0003 for
the Rotterdam data. This CRLB analysis can be
expanded to incorporate other microstructural
properties such as the fiber radius. In this way,
the influence of, for example, changes in pack-
ing fraction and changes in cylinder radius can
be studied simultaneously. Additionally, the rel-
ative merits of different MRI protocols can be
compared.
We have presented a method for simulating
the diffusion-weighted MRI signal of diffusing
spins in the presence of a substrate, that consists
of a given packing of cylinders. TheMonte-Carlo
diffusion simulation described here will allow
for the investigation of other properties of inter-
est in future studies, such as the permeability of
the cylinders, their surface properties, different
radii and different orientations. The MRI simu-
lation is quite general and can be used to study
the effect of new (diffusion-weighted) pulse se-
quences and to optimize scanning parameters.
Ultimately, we hope this leads to a better un-
derstanding of the microstructure of the human
brain and how it is influenced by disease and age.
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